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We propose that the fermionic part of the action in the framework of the noncommutative
description of the Standard Model is spectral, in an analogous way to the bosonic part of the
action that is customary considered as being spectral. We then discuss the terms that appear
in the asymptotic expansion of the fermionic spectral action.
I. INTRODUCTION
Current experimental data have confirmed neutrino oscillations, implying that at least two of the
neutrinos have small albeit nonzero masses [1]. Several models have been consequently proposed
to explain the origin of such nonzero neutrino masses, considering neutrinos as being either Dirac
fermions or Majorana particles [2].
In the geometric interpretation of the Standard Model of particle physics, proposed within the
framework of noncommutative geometry, neutrinos were originally massless Majorana particles
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2[3]. Yet the experimental confirmation that, beyond any doubt, neutrinos of different flavor oscil-
late, has enforced the introduction of the neutrino masses into the model. Most of the Standard
Model phenomenology obtained through the noncommutative spectral geometry approach is based
on considering either Dirac or Majorana massive neutrinos and employing the see-saw mechanism
[4].
In this note we propose a consistent treatment of both the fermionic and the bosonic parts of the
action [5], an approach which implies nontrivial corrections leading to nonminimal fermion cou-
plings. The idea behind the fermionic spectral action we propose, follows the customary bosonic
spectral action approach. For the bosonic spectral action, one assumes the existence of some en-
ergy cut-off Λ, and thus obtains an effective action that depends on the spectrum of the Dirac
operator truncated at Λ. One then computes the asymptotic expansion of the leading term in Λ.
We propose a similar approach for the fermionic action, usually expressed as the expectation value
of the Dirac operator for a fermionic field Ψ, which depends only on the truncated Dirac operator
(namely one considers only the terms with eigenvalues smaller than the cutoff Λ).
The purpose of this paper is to investigate the qualitative consequences of the spectral fermionic
action we propose, leaving the details of the model (including the Lorentzian formulation [6],
fermion doubling [7, 8], various forms of the fermionic action for different KO-dimensions etc)
for a future study. Though usually, it is argued that the bosonic spectral action offers a window
into very high energies [9] and implies a natural framework for an early universe cosmology [10],
we believe that correction terms to the fermionic spectral action can be even currently observed.
A previously proposed toy model [11] suggested that the fermionic spectral action might be re-
sponsible for additional mass terms; in the following we discuss in detail the possible nonminimal
interaction terms.
II. THE FERMIONIC ACTION
The fermionic action for the spectral triple, which gives the dynamics and interactions between
fermions and the bosonic field, is usually formulated as the expectation value of the Dirac operator
DA that takes the inner fluctuations into account, in the state given by a fermionic field Ψ:
Sf = 〈Ψ |DAΨ〉. (II.1)
3For the almost commutative geometries, with a specific KO dimension 2 (mod 8), which is used
in the description of the Standard Model, one could consider another version of the action (on the
total Hilbert space), in terms of the antisymmetric bilinear form:
SJ,f = 〈JΨ |DAΨ〉, (II.2)
where J the real structure on the spectral triple defined by the choice of an algebra, a Hilbert space
and a self-adjoint Dirac operator. This form may be restricted to the subspace of right-handed
fermions, reducing the unnecessary doubling of the space of fermions [7].
In the noncommutative geometry approach there exists, however, a remarkable and quite un-
natural difference between the two parts of the action. While the bosonic part depends only on the
reduced spectrum of the Dirac operator, the fermionic one considers explicitly the full spectrum.
This has been first observed in [12], where it was postulated that also the fermionic action should
have a similar form, yet the problem was not discussed until the analysis of [11].
III. THE SPECTRAL FERMIONIC ACTION
We propose to write the fermionic action functional, using similar cut-off regularization as is
customary done for the bosonic case. Let us note that a zeta-function regularization for the bosonic
spectral action has been proposed in [13] in order to address the issues of renormalizability and
spectral dimensions. Certainly, using the spectral action generalization leads to issues with the
interpretation of the Euclidean formulation of spinors and the reduction of the model due to the
so-called fermion doubling (or, more correctly, double doubling).
We shall work solely in the Euclidean setup, leaving aside potential problems and looking only
for terms that could lead to new physics. Our approach follows the one used for the bosonic spec-
tral action, where the leading terms introduce one by one the geometry, the interactions, and the
coupling between them. The fermionic term, by definition gives only the minimal coupling be-
tween fermions, gauge fields and the Higgs. In what follows we will investigate the type and form
of nonminimal couplings, motivated by the geometric structure of the interactions as described by
noncommutative geometry.
Let us propose (for the simplest Euclidean model) the cutoff fermionic action
Sg,Λ = 〈Ψ | gΛ(DA) Ψ〉, (III.1)
4for a suitable function g and taking gΛ(x) = g(
x
Λ
). Observe, that we take a function of DA and
not D2A on purpose, as the spectrum of DA is not necessarily invariant with respect to change
DA → −DA. Since any function can be splitted into the sum of an even and an odd function, and
an even function can be taken as a function of D2A, and using
g(x) = f(x2) + xh(x2), (III.2)
one realizes that Eq. (III.1) includes two choices:
Se,Λ = 〈Ψ| fΛ
(
D2A
)
Ψ〉, So,Λ = 1
Λ
〈Ψ|DAhΛ
(
D2A
)
Ψ〉, (III.3)
where in principle, f, h are two arbitrary functions of the cut-off type. Using the fact that DA
commutes with hΛ(D
2
A) we can rewrite the latter expression as:
So,Λ =
1
Λ
〈Ψ| hΛ
(
D2A
)
DAΨ〉, (III.4)
which would enable us to use the tools of heat trace expansion [14, 15] for commutative and almost
commutative geometries.
A. Commutative geometries
LetM be a Riemannian spin manifold and L2(S) its spinor bundle andΨ a spinor field. Define
by PΨ an endomorphism of the bundle of spinors that locally, at each point x ∈ M , projects
on the spinor Ψ(x), Φ(x) 7→ Ψ(x)〈Ψ(x)|Φ(x)〉, or equivalently, using physics notation PΨ =
|Ψ(x)〉〈Ψ(x)|.
LetD be a Dirac operator that lifts the torsion-free Levi-Civita connection to the spinor bundle.
Although one can consider Dirac operators that arise from connections with torsions, we concen-
trate on the usually assumed case of vanishing torsion. We shall interpret the above fermionic
action terms as arising from the heat kernel expansion of the type:
Se,Λ = Tr
(
PΨgΛ
(
D2
))
, (III.5)
noting that PΨ is a local operator (endomorphism of the bundle on which D acts). Following the
same approach as for the bosonic spectral action, we use the heat trace expansion:
Tr
(
Te−tD
2
)
=
∑
n=0
t
1
2
(n−4)
∫
M
an(x, T ), (III.6)
5where
a0(T, x) = (4pi)
−2trT, a1(T, x) = (4pi)
−2tr
(
T
(
−R
6
+ E
))
. (III.7)
For the fermionic spectral action, the coefficients of this expansion are the moments of the func-
tions f and h [15] (see Eq. (III.2)). Here tr denotes the local trace operation in the endomorphisms
of the spinor bundle taken at point x. Note that trPΨ = 〈Ψ(x)Ψ(x)〉 and therefore, for a 4-
dimensional manifold we shall have the following leading terms, which arise from the fact that for
the Dirac operator E = R/4, with R the scalar Ricci curvature:
Λ4
∫
M
√
g (trPΨ) = Λ
4
∫
M
√
g 〈Ψ(x)|Ψ(x)〉,
Λ2
∫
M
√
g tr
(
PΨ
R
12
)
= Λ2
∫
M
√
g
R
12
〈Ψ(x)|Ψ(x)〉.
(III.8)
The leading term (in Λ4), which resembles the cosmological constant term, corresponds to the
bare fermion mass term whereas the second term (in Λ2) comes from the even part of spectral the
action and describes the non-minimal coupling of fermions to gravity through the scalar curvature
[18, 19].
As for the odd part of the fermionic spectral action, we propose to write it using similar argu-
ments as:
So,Λ =
1
Λ
Tr
(
PΨ,DΨ hΛ
(
D2
))
, (III.9)
where the local operator PΨ,DΨ is and endomorphism of the spinor bundle of the form:
Φ(x) 7→ DΨ(x)〈Ψ(x)|Φ(x)〉. (III.10)
In a similar way as for the even case, observe that trPΨ,DΨ = 〈Ψ(x)|DΨ(x)〉 with (, ) the local
scalar product on the sections of the spinor bundle, with values in C∞(M).
The odd component of the fermionic spectral action introduces at leading order (in Λ3) the
fermion dynamics:
Λ3
∫
M
√
g 〈Ψ(x)|DΦ(x)〉, (III.11)
while the next order terms would contribute (in the case of pure gravity) further coupling to scalar
curvature R:
Λ
∫
M
√
g
R
12
〈Ψ(x)|DΦ(x)〉. (III.12)
6B. The Einstein-Yang-Mills system
The above discussed case extends to the situation of a simple noncommutative modification of
geometry [5] where one considers the algebra ofMn(C) valued functions on the spin manifoldM
and uses the family of Dirac operators constructed by gauge fluctuation of the Dirac operator D.
Such family, which is obtained through the so-called internal fluctuations of the metric, is of the
form:
DA = D ⊗ id+ A, (III.13)
where A is a gauge potential (A =
∑
i ai[D, bi]) for ai, bi ∈ C∞(M) ⊗Mn(C). This includes, in
particular, the case of Dirac operators twisted by a connection on a vector bundle.
If the spectral triple is real and satisfies the order-one condition [20] one should modify the
above family by correcting A through (with a sign dtermined by JD = ±DJ) JAJ−1. Since
the square of the Dirac operator contains the gauge curvature F , the formulae for the heat trace
expansion are modified, E = (R/12) + F , and consequently the first three leading fermionic
action terms are modified as follows:
Λ4
∫
M
√
g (trPΨ) = Λ
4N
∫
M
√
g〈Ψ(x)|Ψ(x)〉,
Λ3
∫
M
√
g 〈Ψ(x)|DAΨ(x)〉,
Λ2
∫
M
√
g 〈Ψ(x)|
(
R
12
+ F
)
Ψ(x)〉,
(III.14)
The only difference from the previous case is – apart from the multiplicity of fermionic fields that
comes from the representation of the algebra MN(C) – the minimal coupling of fermions with
gauge fields that appears in the second term (in Λ3) as well as the Pauli interaction Lagrangian that
appears in the third term (in Λ2), that locally looks like∫
M
√
g 〈Ψ(x)|FΨ(x)〉 =
∫
M
√
g Ψ(x)† (γµγνFµν(x)) Ψ(x), (III.15)
and which can be nontrivial even in the case of electrodynamics, which in the case when J is
present corresponds to the algebra C⊕ C.
C. The almost commutative geometries
Let us now consider the simplest noncmmutative geometry, made from the product of a smooth
four-dimensional manifold M (with a fixed spin structure), by a discrete finite-dimensional non-
7commutative internal space F , defined in the language of finite spectral triples. Since effectively
the Dirac operator of this product geometry is of the same type as for an Einstein-Yang-Mills sys-
tem, one does not expect any significant qualitative differences from the corresponding studies of
commutative geometries.
Let us recall the basic notions. We take as the underlying algebra of the modelA = C∞(M)⊗
AF , which is represented on the Hilbert space L2(S)⊗HF , and the Dirac operator is D = DM ⊗
id+γ5⊗DF , where againD denotes the standard Dirac operator on the spin manifoldM andDF is
the Dirac operator of the finite spectral triple (A,H, DF ). We refer for the details of construction
of product geometries and related issues to [3].
The family of Dirac operators DA arises similarly as discussed in the previous section, as fluc-
tuations of the Dirac operator. They include both the classical gauge fields, with the unitary group
of inner automorphisms of the algebraAF as well as the gauge fields related to discrete geometry,
which are interpreted as the Higgs field. More precisely,
DA = D ⊗ id+ A+ (γ5 ⊗ 1)DF (H), (III.16)
where A are the inner fluctuations of the Dirac operatorD (containing, if we assume the reality of
the spectral triple, also the real part of fluctuation) andDF (H) are inner fluctuations of the product
geometry with respect to the discrete Dirac operator DF . Note that both A and DF (H) are, from
the technical point of view, just matrix-valued functions on the manifoldM , which are represented
on L2(S)⊗HF .
To obtain the leading terms in the spectral action we use the heat trace asymptotic expansion
for the square of the Dirac operator,
D2
A
= ∇⋆∇− E, (III.17)
where ∇ is a connection on the spinor bundle tensored with HF and E is the endomorphism of
the latter bundle.
In local coordinates over the manifold, with γµ being the usual gamma matrices, we have:
E = −(DF (Φ))2 −
∑
µ<ν
γµγνFµν + iγ5γ
µ
M(Dµ(H)), (III.18)
where Fµν is the curvature tensor of the gauge connections, (DF (Φ))
2 is the potential term for
the fields H and the last term M(Dµ(H) is the endomorphism of the bundle that depends on the
covariant derivative of fields H .
8We shall analyze these terms in the next section, in the particular case of the almost commuta-
tive geometry underlying the Standard Model.
IV. THE APPLICATION TO THE STANDARD MODEL
Let us briefly recall the basics of the Standard Model description within the framework of
almost commutative geometry. To obtain the Standard Model the minimal choice of the algebra
in the spectral triple defining the discrete internal space F is AF = C ⊕ H ⊕ M3(C). This
algebra is represented on a 16-dimensional Hilbert space that includes all fermions (assuming
Dirac neutrinos) or 15-dimensional if we work with Majorana neutrinos only. For the details of
the action in a convenient basis see [20] or [16, 17] for a most recent formulation and principles
of constructing the Dirac operator both for the quark and leptonic sector.
The discrete Dirac operator written in the basis of fermions, taken in the order (for leptons)
νR, eR, νL, eL (not that as a rule each fermion is denoted cumulatively for N generations) is
DF =


0 0 Υ∗ν 0
0 0 0 Υ∗e
Υν 0 0 0
0 Υe 0 0


, (IV.1)
where Υν ,Υe are N×N mass and mixing matrices. The fluctuated discrete Dirac operator DF,H
is:
DF,H =


0 0 Υ∗νH
0 Υ∗νH
−
0 0 −Υ∗eH− Υ∗eH0
ΥνH0 −ΥeH− 0 0
ΥνH− ΥeH
0 0 0


, (IV.2)
whereH = H0+H−j denotes a quaternionic field (Higgs doublet). The discrete part of the Dirac
operator has such form also for the quark sector, if we take quarks in the order quR, q
d
R, q
u
L, q
d
L and
the mass and mixing matrices are, respectively Υu and Υu.
A. The fermionic spectral action for the SM
As we have previously seen, the first two leading terms of the fermionic spectral action are the
bare mass term and the usual fermionic action. As the Standard Model is chiral, in the Lorentzian
9version the bare mass term is not possible as it is not gauge invariant. In the Euclidean version,
however, it can appear in the model with the fermion doubling but will have to vanish if one
requires that the action terms are restricted to the physical space of fermions (by removing the
fermion doubling [7]).
The next term yields the usual part of action, which includes the dynamical term for fermions,
minimal coupling to gauge fields and the coupling between the Higgs field and fermions, which
gives the mass terms in the broken symmetry phase.
The only possible corrections and new effects can be therefore visible in the term, which is
proportional to Λ2. Of course, we shall have there similar terms as in the Einstein-Yang-Mills
system, that is the nonminimal coupling of fermions to gravity (through the scalar curvature) and
the Pauli-type interaction terms (coupling to curvature of connections) [21].
However, we shall additionally have the term of the fermionic spectral action that contains
the square of the fluctuated discrete part of the Dirac operator, DF (H)
2, that contains the Higgs
field. We discuss now two interesting cases of Dirac and Majorana neutrinos, concentrating our
analysis on the leptonic sector. Observe that the same could be, of course, used for the spatial part
of the Dirac manifold leading to higher-derivative terms in the fermionic action that have been
considered in some models [22, 23]
B. Dirac neutrinos
Within the Standard Model, the square of the finite Dirac operator gives the corrections to the
fermion masses. Using the notation we have introduced previously, we computeDF (Φ)
2 restricted
to the lepton sector:
(DF,Hl)
2 =


Υ∗νΥν |H|2 +Υ∗RΥ∗R 0 0 0
0 Υ∗eΥe|H|2 0 0
0 0 Υ∗νΥν |H|2 0
0 0 0 Υ∗eΥe|H|2


, (IV.3)
where Υe,Υν are the mass and mixing matrices, respectively.
The order of the corrections, when compared to the main mass term are of the order 1/Λ and
therefore will be negligible when compared to the Dirac mass terms computed in the vacuum
expectation value of the Higgs field: H = Hv (that is H
0 = Hv, H
− = 0).
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C. Majorana neutrinos
In the noncommutative description of the Standard Model that uses only left-handed neutrinos
there is no room for the neutrino mass terms. The natural interpretation of such model is in terms of
Majorana neutrinos, as after restricting it to the physical subspace (reducing the fermion doubling)
the neutrino spinor fields are their own antiparticles. Of course, there are known mechanisms to
generate possible mass terms, yet all of them involve quadratic coupling to the Higgs. In view of
the analysis of the fermionic spectral action we discussed previously, we argue below that one can
obtain such terms from the next leading term in the heat kernel expansion.
Observe, that if there are no right-handed neutrinos, the fluctuations of the discrete Dirac oper-
ators on the leptonic sector, in the basis (eR, νL, eL), are:
DF,H =


0 −Υ∗eH− Υ∗eH0
−ΥeH− 0 0
ΥeH
0 0 0

 , (IV.4)
Note that by taking the term with the square of the finite part of the Dirac operator would not give
anything new. Indeed, computing (DF,H)
2 at the Higgs vacuum expectation value we obtain:
(DF,Hv)
2 =


Υ∗eΥe|Hv|2 0 0
0 0 0
0 0 Υ∗eΥe|Hv|2

 ,
which similarly as in the Dirac masses case can only add small corrections to the already nonvan-
ishing mass of charged leptons.
To see that some extra terms are possible we need to generalize the form of the spectral action
to nonscalar functions. So far we have assumed that the function fΛ, which we have taken to define
the even part of the spectral action is scalar, that is for every operator T that commutes with DA
we assume that fΛ(DA) commutes with T as well. However, this is not necessary and we may
consider other functions provided the full gauge invariance will be preserved.
Leaving aside the question about the classification of such functions, for the specific model,
we observe the existence of a particular one. Let τ be the operator mapping (νL, eL) to (e
c
L,−νcL)
where (νcL, e
c
L) denotes the respective antiparticles. Taking as f
τ
Λ(DA) = τfΛ(D)τ we still obtain
a selfadjoind operator provided that τ is selfadjoint (or antiselfaidjoint, as is the case for chosen
τ ).
11
The operator τ could be written using Pauli matrices as iσ2 ◦ J , where J is the reality operator
of the model (see [3, 4]) restricted to the leptonic sector. The action of the quaternionic part of
the algebra on the antiparticle sector in the noncommutative description of the Standard Model
is through h¯ for h ∈ H, where quaternions are represented as complex matrices in M2(C) and
h¯ denotes complex conjugated matrix. Since for any any quaternion we have τh = h¯τ then
DF,Hτ(e
c
L, ν
c
L) is invariant under the SU(2) part of gauge transformations.
Writing explicitly in the (ecR, ν
c
L, e
c
L) basis the matrix elements of DF,Hτ :
DF,Hτ =


0 −Υ∗eH0 −Υ∗eH−
ΥeH
0 0 0
−ΥeH− 0 0

 . (IV.5)
Then the terms in the fermionic spectral action, that arise from Tr(PΨ f
τ
Λ(D2) in the next-to-leading
order, could be explicitly rewritten as:
Λ2(ΥeΥe
∗)

(νcL, ecL)

 H0
H−





(H0, H−)

 νcL
ecL



 + h.c. (IV.6)
As we have observed before the entire expression is gauge invariant and can be identified as a
Weinberg term (sometimes called Weinberg operator) [24], which is used to describe effective
mechanism of neutrino mass generation. As the operator is, in fact, non-renormalizable, one often
explains the physics behind the effective term as originating from yet unknown heavy intermediate
particles.
After the Higgs field gets its vacuum expectation value, which in our choice of the parametriza-
tion is H0 = Hv, H
− = 0, a neutrino mass is generated, depending on the scale Λ, Higgs vacuum
expectation value Hv, masses of charged leptons and the coefficients of the cutoff function f
τ
Λ.
Recall, however, that the usual mass terms appear at order Λ3, compared to Λ2 for the Weinberg
term. Therefore if one assumes Λ to be much larger than the Higgs vacuum value (in many models
this is around the scale of GUT) then the generated neutrino masses will necessarily be small,
which agrees with the experiment.
V. CONCLUSIONS AND OUTLOOK BEYOND THE STANDARD MODEL
As we have shown, even the simplest model, which is based on the almost commutative geom-
etry with the finite part described by a spectral triple, leads to the appearance of correction terms
12
that give some non-minimal interactions between gravity and fermions, gauge fields and fermions
as well as the Higgs field and fermions. It is interesting that no extra particles are required to
explain the appearance of neutrino masses. Of course, we have demonstrated only that the spec-
tral action for fermions in the Euclidean version could be constructed and computed leaving aside
the problem whether any restriction could appear when considering the Lorentzian version, in
particular with respect to the fermion doubling problem [7].
It is also interesting that the next order corrections lead to terms that have been considered in
various models, including Pauli interaction terms and nonminimal coupling to gravity. Connecting
their origins to the same spectral action principle as in the case of neutrino masses could help to set
possible limits on their observational evidence or set constraints on the models from cosmological
observations in a similar way it can be done for the bosonic action [25, 26].
The neutrino mass corrections are possible in both Dirac and Majorana neutrino models, and
may lead to small neutrino masses. The correction terms are nonrenormalizable (which is similar
to higher order terms from the bosonic action), yet could be treated as an effective description.
The model allows an extension of the assumed form of the cutoff function to include also a
nonscalar part, which means that some internal permutations of the eigenspaces that are within
the range of the spectral projection PΛ are allowed. This point certainly requires further studies,
as it is necessary to understand the allowed freedom in the choice of the function. In particular,
to introduce the neutrino mixing matrix one needs to generalize the cutoff function further, by
adding a mixing to the function (that is modifying τ operator so that it is not diagonal for the three
families).
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